STABLE SUBALGEBRAS OF LIE ALGEBRAS
AND ASSOCIATIVE ALGEBRAS

BY
STANLEY PAGE AND R. W. RICHARDSON, JR.(})

0. Introduction. Let L=(V, u) be a Lie (resp. associative) algebra with under-
lying vector space V and multiplication u. A subalgebra S of L is stable if S remains
a subalgebra under small deformations of L. That is, if L'=(V, n") is a Lie (resp.
associative) algebra with n' near u, there exists a subalgebra S’ of L’ which is iso-
morphic to S and whose underlying vector space is near that of S. (See §4 for a
precise definition.) In a letter to one of the authors, J. M. G. Fell has conjectured
that if S is a semisimple subalgebra of a finite-dimensional real Lie algebra, then
S is stable. The following “stability theorem™ shows that this is indeed the case.

Since submitting this paper, we have learned that several of our results for
associative algebras, in particular Corollary 11.4(ii), were obtained independently
by F. J. Flanigan in his 1966 Dissertation at the University of California, Berkeley.

THEOREM. Let L=(V, n) be a finite-dimensional Lie (resp. associative) algebra
over either an algebraically closed field or the field R of real numbers. Let S be a
subalgebra of L such that H*(S, V)=0. Then S is stable.

In the above theorem V is considered as an S-module (resp. S-bimodule) by
means of the adjoint representation of S on V (resp. the multiplication of elements
of V by elements of S). H(S, V) is the second cohomology space of the Lie
(resp. associative) algebra S with coefficients in V.

The proof uses only elementary methods, primarily the implicit function theo-
rem, or, in the case of algebraically closed fields, the algebro-geometric analogue
thereof.

In the case of a semisimple subalgebra S of the Lie (resp. associative) algebra L,
a stronger stability theorem holds. Let P be a vector subspace of L which is supple-
mentary to S. Then every small deformation of L is equivalent to one in which
only the multiplication on P is changed. If, in particular, S is a maximal semisimple
subalgebra of L, one can take for P the radical of L.

1. Preliminaries. By an associative algebra over a field X we mean a vector
space V over k together with an associative bilinear multiplication on V; 4 is
not required to have an identity. An A-bimodule is a two-sided representation
space for A or, equivalently, a (left) representation space for the algebra
A=A @y A°P, where A is the opposite algebra of A.
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If L=(V, p) is a Lie (resp. associative) algebra and W is an L-module (resp. L-
bimodule), then C(L, W)= @.zo C™(L, W) denotes the standard cochain complex
for the Lie (resp. associative) algebra L with coefficients in W; C*(L, W) is the
vector space of all alternating n-linear (resp. all n-linear) maps of V into W.
8 denotes the coboundary operator in C(L, W); for the definition of & in the case
of Lie algebras see [1, p. 282] and in the case of associative algebras see [6].
H(L, W)= Pnzo H(L, W) denotes the corresponding cohomology space;
Z(L, W)= @Dnz0 Z™(L, W) denotes the kernel of 8 and B(L, W)= P,z0 B(L, W)
the image of 8.

We shall often have occasion to consider simultaneously several distinct co-
chain complexes C(L, W). We use the same symbol & for all coboundary operators
involved.

2. Alternating multilinear maps and Lie algebra multiplications. Let ¥ and W
be vector spaces over a field k. We define A™(V, W) to be the vector space of all
alternating n-linear maps of V into W. We set A(V, W)= Pnz0 A"V, W). If
¢ AV, V) and Y A™(V, V), we define ¢Rpe A"~ YV, V), the “hook
product” of ¢ and ¢, by

¢T'/’(x1’ ey xn+m—1) = Z sgn (0‘)95(!,0()6,(1), sy xa(m))’ Xom+1y + + > xa(n+m—1))

a

where the sum is taken over all permutations o of {l,...,n+m—1} such that
o(l)<--- <o(m) and o(m+1)<--- <o(n+m—1). The hook product determines
a bilinear map of A(V) x A(V) into A(V).

Let p€ A%V, V). Then

BARX, , 2) = pp(x, ), 2) + Y, 2), x) + @z, X), ).

Thus pAp=0 if and only if p satisfies the Jacobi identity, i.e., if and only if p
is a Lie algebra multiplication on V. Thus M ={u € AV, V) | p Ap=0} is precisely
the set of Lie algebra multiplications on V.

We denote by GL(V) the group of all automorphisms of the vector space V.
There is a natural representation of GL(V) on each A™(V, V). Precisely, if g € GL(V)
and ¢ € AYV, V), then

2.1) (& 8)(x1, - - -, Xa) = g($(&7(x1), - - ., €71 (xw)))-

We observe that M is stable under the action of GL(V) on A%(V, V). In fact,
let py, ppe M and let L,=(V, pn,) and L,=(V, n,) be the corresponding Lie
algebras. Then L, and L, are isomorphic if and only if x,; and p, are on the same
orbit under the action of GL(V) on M.

Let L=(V, 1) be a Lie algebra and let W be an L-module. Then A(V, W) is
identical with the cochain complex C(L, W). In particular, the adjoint represen-
tation of L defines on V the structure of an L-module. The coboundary operator
8 on C(L, V)=A(V, V) can be expressed in terms of the hook product. In fact,
if ¢ € A(V, V), then a simple computation shows that é¢=(—1)"*1u~—$Ap.
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3. Multilinear maps and associative algebras. If V' and W are vector spaces
over a field k, we define L*(V, W) to be the vector space of all n-linear maps of V'
into W. We set L(V, W)= Dnzo L™V, W). If L™V, V) and L™V, V),
then, following Gerstenhaber [5], we define ¢ o p € L*+*™~}(V, V), the “composi-
tion product” of ¢ and ¢, by

¢ ° 'p(xl’ LS ] xn+m—1)

n
= 121 (— 1)(i+1)(m+1)¢(x1’ sy Xi—1, ¢(x!a RS ] xH»m—l), Xitms+ ooy xn+m-1)°

Let p e L3V, V). Then p o p=0 if and only if pu defines an associative multipli-
cation on V. Thus M={u € L%V, V) | p o p=0} is precisely the set of associative
multiplications on V.

There is a canonical representation of GL(V) on each L*(V, V) defined by the
formula (2.1). The set M is stable under the action of GL(V) on L%(V, V). Moreover,
two points of M lie on the same orbit of GL(V) if and only if the corresponding
associative algebras are isomorphic.

Let A=(V, ) be an associative algebra and let W be an A4-bimodule. Then
L(V, W) is identical with the cochain complex C(4, W). The multiplication on 4
defines on V the structure of an A-bimodule. Let 8 denote the standard coboundary
operator on C(4, V)=L(V, V). If $ € L"(V, V), then an easy computation shows
that 3¢=(—1)"*'pod—¢op.

4. Stable subalgebras. Let K be either an algebraically closed field or the
field R of real numbers, let ¥ be a finite-dimensional vector space over K and let
M be the algebraic set in A%(V, V) (resp. L%V, V)) of all Lie algebra (resp. asso-
ciative algebra) multiplications on V. Let L=(V, p) be a Lie (resp. associative)
algebra, let .S be a subalgebra of L and let G=GL(V'); e denotes the identity element
of G. If K is algebraically closed, all the spaces above are considered as topological
spaces supplied with the Zariski topology. If K=R, all the above spaces are given
the usual Hausdorff topology.

DEFINITION 4.1. S is a stable subalgebra of L if, for every neighborhood U of e
in G, there exists a neighborhood U’ of p in M such that, to every u’ € U’, there
corresponds g € U which satisfies the following condition: the restriction of g
to S is an isomorphism of S onto a subalgebra S’ of L' =(V, u').

If € CA(L, V), we let p(¢) e C%(S, V) denote the restriction of ¢ to SxS.
Let W be a supplementary subspace of .S in V. We let 7(¢) denote the restriction
of ¢ to the union of the three sets S x S, Sx Wand Wx S. Let

N={(g.meGxM]|pgm = p(p)}.

Let pry: Gx M — M be the projection map. Then m € pry(N) if and only if the
Lie algebra L' =(V, m) has a subalgebra which is isomorphic to S. We let

Ny ={(g,m)eGxM|r(g-m) = r(u)}.
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Let =: N— M (resp. = : Ny — M) denote the restriction to N (resp. N,) of the
projection pry. We shall consider the following conditions on the subalgebra S
of L:

ConDITION (a). = maps every neighborhood of (e, ) in N onto a neighborhood
of pin M.

ConbrTiON (b). 7, maps every neighborhood of (e, 1) in N; onto a neighborhood
of pin M.

If K=R, we consider these stronger conditions on S:

ConpITION (') (resp. CONDITION (b’)). There exists an open neighborhood U
of u in M and a real-analytic map o: U — G with o(x)=e such that (o(m), m) e N
(resp. (a(m), m) € N,) for every me U.

It is elementary to show that each of the four conditions above implies that S
is stable.

Conditions (b) and (b’) imply that if L,=(V, n,) is a Lie (resp. associative)
algebra with pu, sufficiently near p, then L, is isomorphic to a Lie algebra
L,=(V, py) with the following property: if s€.S and x € ¥V, then u(s, x)=pu(s, x)
and p(x, §)=p(x, $).

5. Differential geometric preliminaries. For the basic facts concerning real-
analytic manifolds, we refer to [7]. If X is a real-analytic manifold and x € X,
we denote by T'(X, x) the tangent space of X at x. If Y is a submanifold of X and
y € Y, we identify T(Y, y) with a subspace of T(X, y). If X is a real vector space
and x € X, we identify T(X, x) with X. If X and Y are real-analytic manifolds and
f: X— Y is a real-analytic map, then df,: T(X, x) - T(Y, f(x)) denotes the
differential of fat x € X.

We will use the following version of the implicit function theorem and inverse
function theorem:

5.1. Let X and Y be real-analytic manifolds and let f: X — Y be a real-analytic
map. Let x € X be such that, setting y = f(x), the differential df,.: T(X, x) — T(Y, y)
is surjective. Then if U is a neighborhood of x in X, f(U) is a neighborhood of y in Y.
Moreover, there exists an open neighborhood U, of x in X such that the following
conditions hold: (a) Z=f"(y) N U, is a closed (real-analytic) submanifold of U,
and T(Z, x)=kernel (df,); (b) there exists a closed submanifold W of U, with
x € W such that f(W) is an open neighborhood of y in Y and f induces a real-analytic
isomorphism of W and f(W).

5.1 is equivalent to the usual local formulation of the implicit and inverse
function theorems in the real-analytic case as given, for example, in [4, pp. 265-269].

6. The stability theorem for real Lie algebras.

THEOREM 6.1. Let L=(V, p) be a finite-dimensional real Lie algebra and let S
be a subalgebra of L such that H*(S, V)=0. Then S satisfies condition (a’). In
particular, S is a stable subalgebra.



306 STANLEY PAGE AND R. W. RICHARDSON, JR. [May

The proof of Theorem 6.1 will occupy the rest of this section.

We let M denote the real-algebraic set in 4A%(V, V) of all Lie algebra multi-
plications on ¥V and let G=GL(V). We observe that C(L, V)=A(V, V) and
C(S, V)=A(S, V). (We identify S with its underlying subspace.) If ¢ € A™(V, V),
we let p(¢) denote the restriction of ¢ to Sx - -+ x S. p is a surjective linear map of
A™(V, V) onto A™(S, V) and po 8§=50 p.

The proof of 6.1 will require three distinct applications of the implicit and
inverse function theorems. Since p is not necessarily a simple point of M (i.e., M
may not be locally a manifold at y), it is necessary to replace M by a larger real-
algebraic set M, which has p as a simple point. This motivates the following result,
which is stated more generally than needed in the proof of 6.1 since it will also be
used in a later section.

6.2. Let C be a vector subspace of A(V, V) which contains Z*(L, V), let Co=38(C),
let C, be supplementary to C, in B¥(L, V) and let C, be supplementary to B*(L, V)
in A3V, V). Let my: A3(V, V) — C, be the projection with kernel Cy+ C, and let
M,={¢p€ A%V, V) | m($ ~$)=0}. Then M = M, and there exists an open neighbor-
hood U, of p in A%V, V) such that M’ =U, N\ M, is a closed (real-analytic) sub-
manifold of U, and T(M', p)=C.

Proof. It is obvious that M < M,. Let f: A%V, V) — A3(V, V) be defined by
f(#)=¢7~¢; fis a polynomial mapping. We have

f+4) = pRp+dRptrg = 3+,

It follows that df,=—38. Let F: AXV, V)— C, be the composite map ;o f.
Since =, is linear, dF,=—m, o 8. Hence dF, is surjective and C=kernel (dF,).
The proof of 6.2 now follows from 5.1.

6.3. Let C=p %(Z%S, V)) and let M’ be as in 6.2. Let y: G— A%V, V) be
defined by y(g)=g-u. It follows from (2.1) that dy.($)=¢yAp—pu~p=— 8.
Thus dy.=—34.

Let n: Gx M' — A%V, V) be defined by n(g, m)=g-m. We note that

T(GxM’, (e, w)) = ANV, V)xC.

It follows from the above computation of dy, that dy (¥, ¢)=—y+¢.

Let E be a supplementary svbspace to C in A%V, V) and let E'=p(E). We
observe that E' N Z%(S, V)={0}. We thus have a direct sum decomposition
AXS, V)=Z2(S, V)+E'. Let nz: AXS, V) —>Z*S, V) and mg.: A%(S, V) — E’
be the corresponding projections. Let B: Gx M' — Z%(S, V) be the composite
map w5 o p o 7; note that (e, u)=p(u). Since 7, and p are linear maps, we have
dBie.y="z ° p © Anee,nyr Thus dBee (P, $)=— (p(¥)) +72(p($)). Since T(M', p)=C
and p(C)=Z(S, V), it follows that dB,. ,, is surjective. Hence the implicit function
theorem applies and there exists an open neighborhood U, of (e, x) in Gx M’
such that N'=U, N B~*(p(w)) is a closed submanifold of U, and T(N’, (e, w))
=kernel (dBe,u)-
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Let #: N’ — M’ denote the restriction to N’ of the projection
pru:GxM' — M.
6.4. If H*(S, V)=0, then the differential dm,,: T(N', (e, ) > T(M', p) is
surjective.
Proof. Let ¢ e T(M’, p)=C. By definition of C we have p(¢) e Z3%(S, V)

=B?(S, V). Thus there exists 0 € 4'(S, V) such that 86 = p(¢). Since p is surjective,

there exists ¢ € A'(V, V) such that p(p)=0; therefore (p(¥))= p(¢)=m2(p(¢)).
Consequently

B, $) = — 8(p($)) +72(p($)) = 0.

It follows that (¢, ¢) € T(N’'m(e, p)). Since dm ,\(¢, $)=4¢, this completes the
proof of 6.4.

If (g,m)eN’, then =,(p(g, m))=p(u) but it is not necessarily true that
p(g, m)=p(n). However, the following lemma shows that this is-the case if me M
(i.e., if m is a Lie algebra multiplication) and if (g, m) is sufficiently near (e, w).

LeEMMA 6.5. There exists a neighborhood U; of (e, n) in Gx M such that, if
(8, m) € Us and if w5(p(g-m))=p(i), then p(g-m)=p(u).
Proof. Let (g, m)e Gx M with m;(p(g-m))=p(n). Then g-m=p+a+b with

a € kernel (p) and b € E. We recall that the restriction of 8¢ p to E is a mono-
morphism. We have

0= (gm~(gm=(p+at+b)~(n+a+b)
= —8a—-db+axa+b~Ab+a~b+bxa.

We note that p(a~a)=0=p(8a). If we apply p to the above equation we obtain
0 = 8(p(b)) + p((a+b)~b) + p(b 7 a).

Let wg: A%(V, V) — C be the projection with kernel E. We note that =o(a+b)=a.
Thus the above equation may be rewritten

6.5.1) 0 = 8(p(b)) + p((@a+b) A b) + p(b~7c(a +b)).
For each x € A%(V, V), let A,: E— A3(S, V) be the linear map defined by
A(4) = 3(p(4)) + p(x 7~ )+ p( 7~ 7c(x)).

Then Ay=380 p is a monomorphism. Thus there exists a neighborhood J of 0
in A%(V, V) such that A, is a monomorphism for every x € J. Choose Us, a neighbor-
hood of (e, x) in G x M, such that, if (g’, m") € U, then (g’'-m'—p) € J. Assume
now that (g, m)e U;. We have g-m=p+a+b and hence x=(a+b)eJ. Then
(6.5.1) shows that A,(b)=0. Since A, is a monomorphism, it follows that b=0.
Thus g-m=p+a and hence p(g-m)=p(n). This proves 6.5.

6.6. It follows from 6.4 and 5.1(b) that there exist an open neighborhood U’
of p in M’ and a real-analytic map A: U’ — N’ such that h(u)=(e, ) and 7o h
is the identity map of U’. We may assume A(U’) < U;. We may write h(m) =(s(m), m)
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where s: U’ — G is a real-analytic map. Let N={(g, m) € Gx M | p(g-m)=p(pn)},
let U=M N U’ and let o denote the restriction of s to U. Then 6.5 shows that
(o(m), m) € N if m € U. Thus S satisfies Condition (a’). This completes the proof of
Theorem 6.1.

7. The stability theorem for real associative algebras.

THEOREM 7.1. Let A=(V, p) be a finite-dimensional associative algebra over R
and let S be a subalgebra of A such that H%(S, V)=0. Then S satisfies Condition (a")
and hence is a stable subalgebra of A.

The proof of Theorem 7.1 is the same as that of Theorem 6.1 if we consistently
replace A™(V, V) and A™(S, V) by L™V, V) and L™(S, V) and replace the hook
product of alternating multilinear maps by the composition product of multilinear
maps. We omit further details.

8. Preliminary algebraic geometry. Our basic reference for algebraic geometry
is [2]; we shall follow the terminology used therein. In particular, we consider
algebraic varieties (i.e., the irreducible case) over an algebraically closed field K.
An algebraic variety X is considered as a topological space with the Zariski
topology. If x € X, we denote by T(X, x) the tangent space of X at x. If Yis a
subvariety of X and x € Y, we shall identify T(Y, x) with a subspace of T(X, x)
in the usual manner. The point x € X is simple if dim T(X, x)=dim X. If f: X —> Y
is a morphism of algebraic varieties, and x € X, we denote by

df.: T(X, x) - T(Y, f(x))

the differential of f at x (df, is called the derived mapping of f at x in [2]).
We have the following algebro-geometric analogue of 5.1:

PRrROPOSITION 8.1. Let f: X — Y be a morphism of algebraic varieties, let x € X
and let y=f(x). Suppose that x (resp. y) is a simple point of X (resp. Y) and that
the differential df,.: T(X, x) — T(Y, y) is a surjective mapping.

(a) If Uis a neighborhood of x in X, then f(U) is a neighborhood of y in Y.

(b) There is exactly one irreducible component X, of f~(y) which contains x.
Moreover, x is a simple point of X, and T(X,, x)=kernel (df,).

Proof. The proof of (b) can easily be reduced to the case in which X and Y
are affine varieties. In this case, it follows from [8, p. 354, Proposition 1] by a
straightforward argument. The condition on df, implies that f is dominant.
Using (b), the proof of (a) now follows from [2, p. 195, Proposition 3].

9. Stability for algebras over algebraically closed fields.

THEOREM 9.1. Let L=(V, u) be a finite-dimensional Lie (resp. associative) algebra
over an algebraically closed field and let S be a subalgebra of L such that
H?(S, V)=0. Then S satisfies Condition (a) and hence is stable.
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We give the proof only for the case of Lie algebras. Our proof closely parallels
that of Theorem 6.1. We shall often follow the notation of §6 without explicit
reference.

Let C=p~Y(Z%S, V)) and let M, be defined as in 6.2. The proof of 6.2 combined
with 8.1 shows that there is precisely one irreducible component M’ of M, which
contains p. Moreover, p is a simple point of M’ and T(M’, u)=C. Let M, denote
the union of the irreducible components of M which contain . It follows easily
that M,<M'. Let the morphism B: Gx M’ — Z%(S, V) be defined as in 6.3.
Then the argument given there shows that dB,.,(¥, )= — 8(p(¥)) +7;(p(¢)). In
particular, dB,. ,, is surjective. By 8.1 there exists exactly one irreducible component
M’ of B~Y(p(1)) containing (e, u), (e, w) is a simple point of N’ and

T(N’, (e, n)) = kernel (d:B(e.u))'

The statements and proof of 6.4 and 6.5 are also valid in this case, with the
obvious modifications. It is easy to see that these two results, combined with 8.1,
imply that S satisfies Condition (a). This proves 9.1.

10. An algebraic digression. The results of this section will be used to show
that semisimple subalgebras of Lie (resp. associative) algebras satisfy Condition (b).

Let L=(V, p) be a Lie algebra over a field k£ and let S be a subalgebra of L;
we identify S with its underlying vector space. Let V™ denote the n-fold Cartesian
product ¥ and let F, denote the subset of V" consisting of all (x,, . . ., x,) satisfying
the following condition: There exists at most one index i such that x; ¢ S. Let P
be a vector space over k. A map ¢: F, — P is said to be multilinear (resp. alternat-
ing) if ¢ is the restriction of a multilinear (resp. alteérnating) map ¢': V* — P
(this definition works only for vector spaces). Let, now, P be an L-module. We
define F*(L, S, P) to be the vector space of all alternating multilinear maps of F,
into P. We set F(L,S,P)=@nz20 FY(L, S, P). The coboundary operator
8: F(L, S, P)— F(L, S, P) is defined by the usual formula (see, e.g., [1, p. 282]).
One checks that & is well defined in this case. 8 is homogeneous of degree 1 and
808=0. Thus (F(L, S, P), 8) is a cochain complex. We denote by E(L, S, P)
= Pnzo E™L, S, P) the corresponding cohomology space. In particular, the
adjoint representation of L defines an L-module structure on ¥ and we can consider
the cohomology space E(L, S, V).

If R is a Lie (resp. associative) algebra then an exact sequence

i .
0—>M—sN-TsP 50

of R-modules is, by definition, an extension of P by M. The extension splits if
there exists an R-module homomorphism 7: P — N such that joy=15.

The adjoint representation of S on ¥ defines ¥ as an S-module. S is a submodule
and thus V/S inherits an S-module structure. There is thus an induced S-module
structure on Homy (V/S, V/S).
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ProPosSITION 10.1. Let L=(V, ) be a Lie algebra and let S be a subalgebra of L
which satisfies the following conditions:

(@) H¥S, V)=0.

(b) HX(S, Hom, (V/S, V[S))=0.

(c) Every extension of the S-module V|[S by the S-module S splits. Then
EXL, S, V)=0.,

Proof. We sketch the proof. Let W be a supplementary subspace of S in V
and let 7y: V— W be the projection with kernel S. Let ¢ € F3(L, S, V) with
8¢=0. It follows from (a) that there exists ¢ € F*(L, S, V) such that ¢, =¢— ¢
vanishes on S x S. A straightforward argument using (b) shows that there exists
Y€ FX(L, S, V) such that ¢,=¢,— 8, satisfies the following conditions: ¢,
vanishes on S x S and 7y o ¢, vanishes on S x W. Finally, (c) implies the existence
of Y, € FX(L, S, V) such that &,=¢,. Hence, $=35(p+; +;). This completes
the proof.

CoROLLARY 10.2. Let L=(V, p) be a finite-dimensional Lie algebra over a field of
characteristic 0 and let S be a semisimple subalgebra of L. Then E*(L, S, V)=0.

Proof. It is shown in [3] that a semisimple Lie algebra S satisfies (a), (b), and
(c) of 10.1.

Similar considerations apply to the case of associative algebras. Let A=(V, p)
be an associative algebra and let S be a subalgebra of 4. F, is defined as above.
If P is an A-bimodule, we define F"(4, S, P) to be the vector space of all multi-
linear maps of F, into P. We define F(4, S, P)= Pnz0 F*(4, S, P). The co-
boundary operator 8: F(A4, S, P) — F(A, S, P) is defined by the usual formula
(see [6]; one checks that & is well defined in this case). 8 is homogeneous of degree 1
and 8 - =0, thus (F(4, S, P), 8) is a cochain complex. We denote by E(A4, S, P)
= Pnzo E™(4, S, P) the corresponding cohomology space. In particular, ¥ has a
natural structure of A-bimodule and we can consider E(4, S, V).

Let S°P denote the opposite algebra of S and let S¢=S ® S°°. Then V/S has
a natural structure of an S-bimodule, that is, of an S®-module. Thus there is an
induced structure of Sé-module on Homg (V/S, V/S).

ProposITION 10.3. Let A=(V, ) be an associative algebra and let S be a sub-
algebra of A which satisfies the following conditions:

(@) H¥S, V)=0.

(b) H'(S¢, Homy (V/S, V[S))=0.

(c) Every extension of the S¢-module V|S by the S°-module S splits. Then
EXL, S, V)=0.

The proof is similar to that of Proposition 10.1 although somewhat more
complicated. We omit the details.

COROLLARY 10.4. Let A be a finite-dimensional associative algebra over a field
and let S be a separable subalgebra of A. Then E*(A, S, V)=0.
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The proof follows from the fact that a separable subalgebra satisfies conditions
(a), (b), and (c) above.

11. A strengthened stability theorem.

THEOREM 11.1. Let L=(V, u) be a finite-dimensional Lie (resp. associative)
algebra over a field K and let S be a subalgebra of L such that E*(L, S, V)=0.
(i) If K is algebraically closed, then S satisfies condition (b). (ii) If K=R, then S
satisfies condition (b’).

We shall give the proof only for the case of Lie algebras over an algebraically
closed field. The proofs in the other cases are similar. Our proof parallels those
of Theorems 6.1 and 8.1.

If ¢ € A™(V, V), let 7(¢) denote the restriction of ¢ to F,. Let

Z? = {§e F(L, S, V)| 86 = 0}

and let C={pe A%V, V)| 7(¢) € Z%}. Then Z*(L, V)<C. Let M, be defined as
in 6.2. Then the proof of 6.2, combined with 8.1, shows that there is exactly one
irreducible component M’ of M, which contains p. Moreover, p is a simple point
of M’ and T(M', p)=C.

Let E be a supplementary subspace of C in A%V, V) and let E'=+(E). We
have a direct sum decomposition F%(L, S, V)=Z2+E'. Let m;: F¥L, S, V) - Z?
be the projection with kernel E’. Let n: Gx M’ — A%(V, V) be defined by 7(g, m)
=g-m and let B: Gx M’ — Z? be the composite map =, o 7 o 4. Essentially the
same argument given in 6.3 shows that dB ,, is surjective. Thus, by 8.1, there
exists precisely one irreducible component N’ of B~(+(u)) containing (e, p), (e, w)
is a simple point of N' and T(N’, (e, n)) =kernel (dB,.,)-

Let =: N’ — M’ denote the restriction to N’ of the projection

prv:GxM' — M'.

11.2. If E*(L, S, V)=0, then the differential dn,,,: T(N', (e, n)) = T(M’, ) is
surjective.

The proof of 11.2 is similar to that of 6.4.

11.3. There exists a neighborhood U; of (e, 1) in G x M such that, if (g, m) € U,
and if my(7(g-m))=1(u), then v(g-m)=r(y).

The proof of 11.3 is similar to that of 6.5.

The proof of 11.1 is a straightforward consequence of 11.2, 11.3, and 8.1. We
omit further details.

CoROLLARY 11.4. (i) Let L be a finite-dimensional Lie algebra over an algebraically
closed field of characteristic O (resp. over R) and let S be a semisimple subalgebra
of L. Then S satisfies Condition (b) (resp. (b')). (ii) Let A be a finite-dimensional
associative algebra over an algebraically closed field (resp. over R) and let S be a
semisimple subalgebra of L. Then S satisfies Condition (b) (resp. (b')).
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11.4 follows immediately from 11.1, 10.2, and 10.4. We remark that, if the base
field is algebraically closed or of characteristic 0, semisimple subalgebras of an
associative algebra are separable.
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